§ Curves and Arc Leug-_th

(1] 1] 3
Queﬁ-‘on; What is a curve (m R7) ?
There ave two different woys to think of a cuarve:

(I) as a Seometv.‘c locuws OR (I) es +he Paﬂt described
bj a movfuj ‘aqrh‘cle
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PQWQ"‘“ We are w\os‘ﬂﬂ interested W +he seome*r"c S“\d\’e

0{: 0 Curv€ Qas (I), but (I) s movre useful stuce we can
bn‘u_s n the +sols from “Cal culus to describe +ae 3eomeén‘c
bewhaviour. Tt s like 5iv|'v~3 a coordinate sj:*em" alOws a

Curve whic allows caleunlations € be dowe .
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Definition A (smooth parametrized) curve is a C wap
$: T — R

o () = (x&),Yt),z(¢)

wheve LC R s a (cownected) open intewal , which is

possﬂo\j unbounded .
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X)) = (X@), Y@, 2®)

mage () = o(I) € .
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Note: e say +hat o : T R3 is a plane curve 0
“+here exists a p\aue e - ﬁ\’g st. a(T)e P.
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Pfter o n‘sid mOtion (ro‘l'ah‘on-t £ranslation) in R,

We con assume that P = Xj—‘:lane , .e.
2
o: TR .
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o (+) = (x¢), Yy, 0)

Re,wmvks : 1) A cuwe wmay hwave Self -mtevsechons , V-@.
® moy) net be 1-1.

Eg. a:R=> ® wt) = (-4t ,t-4)
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2) The trace of o may wet be Swooth .,

E-S; on:fR— l?‘z ., o) = ('t's,t.‘)

trace (X) = {ﬂgleis
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het swmooth

- ot x=0 '/
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3) Evew f oI - (R3 s 1-4, it may not be a
homwow\nqw:m ouwto s s‘masg.

E_ﬁ_ “Foliuwm of Descartes "

s (-1 ®) — R*

3t 3t?

There are three impostant curves whicthh we will keep

W\W'Hev\inj fom time to tiwme .

Exawple T : Stroight lives
P

0(=R—>@3,0((‘6)=%+'t-|>/
1S a line *kvou’h 1. awd pasclie | to P 3‘




Exawple T ¢ Circles

d:iR—P!Rz @

A)= C+ ¥ (cost,sint)

civele. of radius 7 S0 centered ot C,

Exawplte W= Helix
®: IR = Rg

oL(t) = (cost,sint, t)

QR

Definition = et N:T—?Rg be a cuvve ,ond Cablc 1.

Twe lens«l—h of of from a 4o b s dehned as

b b
Loty := f |’ dt
a

Eemavk: The hotvon of |eu3+|n defined abeve igmﬁr

as it depends only ow H geowetvic locus of e

Curve - Move Precisdv) , the \wstk of a curve
s?d motions omne re?afamef vization .

s

We now explatih +hese 4wo concepts,



Definition: A Figid motion ¢:|’R"-—> R of R T an
750\M£t\"j of rR“ (as a metwme space with respect

4o e CBuctideow distawce).

I+ e well = known +hat amj cuch qS s own offrne wacp o-P

4he fovm
c1’(’0: Ax+ b ¥ xe®

where A € OM) e ARt=T = FA, ond be® .

m: I‘G def A >0 , (ﬁ X3 on‘mfa-h‘on-PveSerw‘ns.

I‘F det A « o) ¢ s ineu‘l'ah‘on-Ye‘lQu"'vﬁ .

Note: det A=+1 f A€ Owm.

&904‘“"‘0'\ : R gid wmotions preserve length of Cuvves, i.
F o:T-> R s acuwve ond PR R® ¥ a vigid

motion , thew ¢ ool 1= RS s olso a Curve and
Lb b
a(d): La(¢e a) "Fb" aﬂ\3 chb} GI

M : EXG\’(‘A’S’Q .
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E'_D‘vo:i'h'ow: S'l:m.‘sld' (lues are +he (uvu‘%ue) chortest cwrves

So\‘nius two 3600\4 Poim{': " 'Rs.

‘a’_ﬁ= Exeverse .
P«/
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De‘(:\'niﬁbn: A cuwwve Oh: I >R s sad to be

Pataw\efﬁué b‘j ore \enjbh (pb.a.l.) f

|y =4 vtel

Remark: Tf ou:I = R‘g s pbal., tuem

Li(o() = b-a  fov any Ca,b)cl.



DC‘F"m‘-hbm: let :T = {Rg be o cure _ FO¥ awy) d;{'ktmv\’karm
¢=J§R > I , one cawn defne a new cuvvé€
P=oedp:T- R

whick S called a re?aramefh‘za‘h’o\n of .

€vace (o)
of "

T /"D/fmce ()

?QlMavk: u aV\A p Pa'am"u M “mme'o cuwe , 3-9. #‘e.‘?

l'mase: are the Same .

&_‘m: The ‘Q“S'H\ O'f a curve (S (nvarant undey

reparametrization  i.e.
d
LZ([S) = L (o) #F P(lap])=[c.d]

?m"f : Exercrse.
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